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15.5.6 Numeric Predicate Functions

A predicate function is one that returns a Boolean value (some representation 
of either true or false). Scheme includes a collection of predicate functions for 
numeric data. Among them are the following:

Function Meaning
= Equal
<> Not equal
> Greater than
< Less than
>= Greater than or equal to
<= Less than or equal to
EVEN? Is it an even number?
ODD? Is it an odd number?
ZERO? Is it zero?

Notice that the names for all predefined predicate functions that have 
words for names end with question marks. In Scheme, the two Boolean values 
are #T and #F (or #t and #f), although the Scheme predefined predicate func-
tions return the empty list, (), for false.

When a list is interpreted as a Boolean, any nonempty list evaluates to 
true; the empty list evaluates to false. This is similar to the interpretation of 
integers in C as Boolean values; zero evaluates to false and any nonzero value 
evaluates to true.

In the interest of readability, all of our example predicate functions in this 
chapter return #F, rather than ().

The NOT function is used to invert the logic of a Boolean expression.

15.5.7 Control Flow

Scheme uses three different constructs for control flow: one similar to the 
selection construct of the imperative languages and two based on the evaluation 
control used in mathematical functions.

The Scheme  two-  way selector function, named IF, has three parameters: 
a predicate expression, a then expression, and an else expression. A call to IF 
has the form

(IF predicate then_expression else_expression) 

For example,

(DEFINE (factorial n)
  (IF (<= n 1)
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    1
    (* n (factorial (− n 1)))
))

Recall that the multiple selection of Scheme, COND, was discussed in 
 Chapter 8. Following is an example of a simple function that uses COND:

(DEFINE (leap? year)
  (COND
    ((ZERO? (MODULO year 400)) #T)
    ((ZERO? (MODULO year 100)) #F)
    (ELSE (ZERO? (MODULO year 4)))
))

The following subsections contain additional examples of the use of COND.
The third Scheme control mechanism is recursion, which is used, as in math-

ematics, to specify repetition. Most of the example functions in Section 15.5.10 
use recursion.

15.5.8 List Functions

One of the more common uses of the  Lisp-  based programming languages is 
list processing. This subsection introduces the Scheme functions for dealing 
with lists. Recall that Scheme’s list operations were briefly introduced in Chap-
ter 6. Following is a more detailed discussion of list processing in Scheme.

Scheme programs are interpreted by the function application func-
tion, EVAL. When applied to a primitive function, EVAL first evaluates the param-
eters of the given function. This action is necessary when the actual parameters 
in a function call are themselves function calls, which is frequently the case. In 
some calls, however, the parameters are data elements rather than function ref-
erences. When a parameter is not a function reference, it obviously should not 
be evaluated. We were not concerned with this earlier, because numeric literals 
always evaluate to themselves and cannot be mistaken for function names.

Suppose we have a function that has two parameters, an atom and a list, and 
the purpose of the function is to determine whether the given atom is in the 
given list. Neither the atom nor the list should be evaluated; they are literal data 
to be processed. To avoid evaluating a parameter, it is first given as a parameter 
to the primitive function QUOTE, which simply returns it without change. The 
following examples illustrate QUOTE:

(QUOTE A) returns  A
(QUOTE (A B C)) returns (A B C) 

Calls to QUOTE are usually abbreviated by preceding the expression to be 
quoted with an apostrophe (') and leaving out the parentheses around the 
expression. Thus, instead of (QUOTE (A B)), '(A B) is used.

The necessity of QUOTE arises because of the fundamental nature of 
Scheme (and the other  Lisp-  based languages): data and code have the same 
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Scheme uses three different constructs for control flow: one similar to the 
selection construct of the imperative languages and two based on the evaluation 
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The Scheme  two-  way selector function, named IF, has three parameters: 
a predicate expression, a then expression, and an else expression. A call to IF 
has the form
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For example,

(DEFINE (factorial n)
  (IF (<= n 1)

Tres constructos para flujo de control:
• IF
• …

Definición de funciones (cont.)
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Recall that the multiple selection of Scheme, COND, was discussed in 
 Chapter 8. Following is an example of a simple function that uses COND:

(DEFINE (leap? year)
  (COND
    ((ZERO? (MODULO year 400)) #T)
    ((ZERO? (MODULO year 100)) #F)
    (ELSE (ZERO? (MODULO year 4)))
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The following subsections contain additional examples of the use of COND.
The third Scheme control mechanism is recursion, which is used, as in math-

ematics, to specify repetition. Most of the example functions in Section 15.5.10 
use recursion.

15.5.8 List Functions

One of the more common uses of the  Lisp-  based programming languages is 
list processing. This subsection introduces the Scheme functions for dealing 
with lists. Recall that Scheme’s list operations were briefly introduced in Chap-
ter 6. Following is a more detailed discussion of list processing in Scheme.

Scheme programs are interpreted by the function application func-
tion, EVAL. When applied to a primitive function, EVAL first evaluates the param-
eters of the given function. This action is necessary when the actual parameters 
in a function call are themselves function calls, which is frequently the case. In 
some calls, however, the parameters are data elements rather than function ref-
erences. When a parameter is not a function reference, it obviously should not 
be evaluated. We were not concerned with this earlier, because numeric literals 
always evaluate to themselves and cannot be mistaken for function names.

Suppose we have a function that has two parameters, an atom and a list, and 
the purpose of the function is to determine whether the given atom is in the 
given list. Neither the atom nor the list should be evaluated; they are literal data 
to be processed. To avoid evaluating a parameter, it is first given as a parameter 
to the primitive function QUOTE, which simply returns it without change. The 
following examples illustrate QUOTE:

(QUOTE A) returns  A
(QUOTE (A B C)) returns (A B C) 

Calls to QUOTE are usually abbreviated by preceding the expression to be 
quoted with an apostrophe (') and leaving out the parentheses around the 
expression. Thus, instead of (QUOTE (A B)), '(A B) is used.

The necessity of QUOTE arises because of the fundamental nature of 
Scheme (and the other  Lisp-  based languages): data and code have the same 
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The Scheme multiple selector, which is based on mathematical conditional 
expressions, is a special form function named COND. COND is a slightly gen-
eralized version of the mathematical conditional expression; it allows more 
than one predicate to be true at the same time. Because different mathematical 
conditional expressions have different numbers of parameters, COND does not 
require a fixed number of actual parameters. Each parameter to COND is a pair 
of expressions in which the first is a predicate (it evaluates to either #T or #F).

The general form of COND is

 (COND

  (predicate1 expression1)

  (predicate2 expression2)

   . . .
  (predicaten expressionn)

  [(ELSE expressionn+1)]

)

where the ELSE clause is optional.
The semantics of COND is as follows: The predicates of the parameters are 

evaluated one at a time, in order from the first, until one evaluates to #T. The 
expression that follows the first predicate that is found to be #T is then evalu-
ated and its value is returned as the value of COND. If none of the predicates is 
true and there is an ELSE, its expression is evaluated and the value is returned. 
If none of the predicates is true and there is no ELSE, the value of COND is 
unspecified. Therefore, all CONDs should include an ELSE.

Consider the following example call to COND:

  (COND
    ((> x y) "x is greater than y")
    ((< x y) "y is greater than x")
    (ELSE "x and y are equal")
  )

Note that string literals evaluate to themselves, so that when this call to COND 
is evaluated, it produces a string result.

8.3 Iterative Statements
An iterative statement is one that causes a statement or collection of state-
ments to be executed zero, one, or more times. An iterative statement is often 
called a loop. Every programming language from Plankalkül on has included 
some method of repeating the execution of segments of code. Iteration is the 
very essence of the power of the computer. If some means of repetitive execu-
tion of a statement or collection of statements were not possible, programmers 
would be required to state every action in sequence; useful programs would be 

Tres constructos para flujo de control:
• IF
• COND
• …

Definición de funciones (cont.)

Los predicados son evaluados de a uno, 
en orden a partir del primero, hasta que 
uno evalúe a #T; entonces, la expresión 
correspondiente es evaluada y su valor 
es devuelto como el valor de COND

Si ningún predicado evalúa a #T, enton-
ces el valor de COND es el valor de la 
expresión asociada al ELSE
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Tres constructos para flujo de control:
• IF
• COND
• recursión

Definición de funciones (cont.)
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are not types in the sense that imperative languages have types. In fact, the 
original Lisp was a typeless language. Atoms are either symbols, in the form of 
identifiers, or numeric literals.

Recall from Chapter 2, that Lisp originally used lists as its data structure 
because they were thought to be an essential part of list processing. As it even-
tually developed, however, Lisp rarely requires the general list operations of 
insertion and deletion at positions other than the beginning of a list.

Lists are specified in Lisp by delimiting their elements with parentheses. 
The elements of simple lists are restricted to atoms, as in

(A B C D)

Nested list structures are also specified by parentheses. For example, the list

(A (B C) D (E (F G)))

is a list of four elements. The first is the atom A; the second is the sublist (B C);  
the third is the atom D; the fourth is the sublist (E (F G)), which has as its 
second element the sublist (F G).

In a Lisp implementation, a list is usually stored as linked list structure in 
which each node has two pointers, one to reference the data of the node and the 
other to form the linked list. A list is referenced by a pointer to its first element.

The internal representations of our two example lists are shown in  
Figure 15.1. Note that the elements of a list are shown horizontally. The last 
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use recursion.

15.5.8 List Functions

One of the more common uses of the  Lisp-  based programming languages is 
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Scheme programs are interpreted by the function application func-
tion, EVAL. When applied to a primitive function, EVAL first evaluates the param-
eters of the given function. This action is necessary when the actual parameters 
in a function call are themselves function calls, which is frequently the case. In 
some calls, however, the parameters are data elements rather than function ref-
erences. When a parameter is not a function reference, it obviously should not 
be evaluated. We were not concerned with this earlier, because numeric literals 
always evaluate to themselves and cannot be mistaken for function names.
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following examples illustrate QUOTE:

(QUOTE A) returns  A
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Calls to QUOTE are usually abbreviated by preceding the expression to be 
quoted with an apostrophe (') and leaving out the parentheses around the 
expression. Thus, instead of (QUOTE (A B)), '(A B) is used.

The necessity of QUOTE arises because of the fundamental nature of 
Scheme (and the other  Lisp-  based languages): data and code have the same 

(QUOTE (A B)) se puede escribir 
simplificadamente como ‘(A B)

Si un parámetro no tiene que ser 
evaluado (por EVAL) cuando se 
llama a la función que lo recibe, 
entonces se especifica como 
parámetro (a su vez) de la función 
primitiva QUOTE, la cual simple-
mente lo devueve sin modificarlo
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form. Although this may seem odd to imperative language programmers, it 
results in some interesting and powerful processes, one of which is discussed 
in Section 15.5.14.

The CAR, CDR, and CONS functions were introduced in Chapter 6. Follow-
ing are additional examples of the operations of CAR and CDR:

(CAR '(A B C)) returns A
(CAR '((A B) C D)) returns (A B)
(CAR 'A)  is an error because A is not a list
(CAR '(A)) returns A
(CAR '()) is an error
(CDR '(A B C)) returns (B C)
(CDR '((A B) C D)) returns (C D)
(CDR 'A)  is an error
(CDR '(A))  returns ()
(CDR '())  is an error

The names of the CAR and CDR functions are peculiar at best. The ori-
gin of these names lies in the first implementation of Lisp, which was on an 
IBM 704 computer. The 704’s memory words had two fields, named decrement 
and address, that were used in various operand addressing strategies. Each of 
these fields could store a machine memory address. The 704 also included two 
machine instructions, also named CAR (contents of the address part of a regis-
ter) and CDR (contents of the decrement part of a register), that extracted the 
associated fields. It was natural to use the two fields to store the two pointers 
of a list node so that a memory word could neatly store a node. Using these 
conventions, the CAR and CDR instructions of the 704 provided efficient list 
selectors. The names carried over into the primitives of all dialects of Lisp.

As another example of a simple function, consider

(DEFINE (second a_list) (CAR (CDR a_list)))

Once this function is evaluated, it can be used, as in

(second '(A B C))

which returns B.
Some of the most commonly used functional compositions in Scheme are 

built in as single functions. For example, (CAAR x) is equivalent to (CAR(CAR x)),  
(CADR x) is equivalent to (CAR (CDR x)), and (CADDAR x) is equivalent to 
(CAR (CDR (CDR (CAR x)))). Any combination of A’s and D’s, up to four, are 
legal between the ‘C’ and the ‘R’ in the function’s name. As an example, consider 
the following evaluation of CADDAR:

(CADDAR '((A B (C) D) E)) =
(CAR (CDR (CDR (CAR '((A B (C) D) E))))) =
(CAR (CDR (CDR '(A B (C) D)))) =
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Las funciones primitivas CAR y CDR 
devuelven, respectivamente, el primer 
elemento y el resto de una lista (i.e., la 
lista sin su primer elemento), sin 
evaluar la lista ni sus elementos
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(CAR (CDR '(B (C) D))) =
(CAR '((C) D)) =
(C)

Following are example calls to CONS:

(CONS 'A '()) returns (A)
(CONS 'A '(B C)) returns (A B C)
(CONS '() '(A B)) returns (() A B)
(CONS '(A B) '(C D)) returns ((A B) C D)

The results of these CONS operations are shown in Figure 15.2. Note that 
CONS is, in a sense, the inverse of CAR and CDR. CAR and CDR take a list apart, 
and CONS constructs a new list from two given list parts. The two parameters 
to CONS become the CAR and CDR of the new list. Thus, if a_list is a list, then

(CONS (CAR a_list) (CDR a_list))

returns a list with the same structure and same elements as a_list.

A

A B

A B

C D

C

NIL

(CONS 'A '()) 

(A)

(CONS 'A '(B C)) 

(A B C)

(CONS '() '(A B)) 

(()A B)

A B

(CONS '(A B) '(C D)) 

((A B) C D)

Figure 15.2

The result of several 
CONS operations
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The result of several 
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La función primitiva CONS devuelve 
una lista, cuyo primer elemento es 
el primer parámetro y cuyos otros 
elementos son los elementos del 
segundo parámetro (una lista)



35

674      Chapter 15  Functional Programming Languages

(CAR (CDR '(B (C) D))) =
(CAR '((C) D)) =
(C)

Following are example calls to CONS:

(CONS 'A '()) returns (A)
(CONS 'A '(B C)) returns (A B C)
(CONS '() '(A B)) returns (() A B)
(CONS '(A B) '(C D)) returns ((A B) C D)

The results of these CONS operations are shown in Figure 15.2. Note that 
CONS is, in a sense, the inverse of CAR and CDR. CAR and CDR take a list apart, 
and CONS constructs a new list from two given list parts. The two parameters 
to CONS become the CAR and CDR of the new list. Thus, if a_list is a list, then

(CONS (CAR a_list) (CDR a_list))

returns a list with the same structure and same elements as a_list.

A

A B

A B

C D

C

NIL

(CONS 'A '()) 

(A)

(CONS 'A '(B C)) 

(A B C)

(CONS '() '(A B)) 

(()A B)

A B

(CONS '(A B) '(C D)) 

((A B) C D)

Figure 15.2

The result of several 
CONS operations

Definición de funciones (cont.)

674      Chapter 15  Functional Programming Languages

(CAR (CDR '(B (C) D))) =
(CAR '((C) D)) =
(C)

Following are example calls to CONS:

(CONS 'A '()) returns (A)
(CONS 'A '(B C)) returns (A B C)
(CONS '() '(A B)) returns (() A B)
(CONS '(A B) '(C D)) returns ((A B) C D)

The results of these CONS operations are shown in Figure 15.2. Note that 
CONS is, in a sense, the inverse of CAR and CDR. CAR and CDR take a list apart, 
and CONS constructs a new list from two given list parts. The two parameters 
to CONS become the CAR and CDR of the new list. Thus, if a_list is a list, then

(CONS (CAR a_list) (CDR a_list))

returns a list with the same structure and same elements as a_list.

A

A B

A B

C D

C

NIL

(CONS 'A '()) 

(A)

(CONS 'A '(B C)) 

(A B C)

(CONS '() '(A B)) 

(()A B)

A B

(CONS '(A B) '(C D)) 

((A B) C D)

Figure 15.2

The result of several 
CONS operations

(CONS ‘A ‘B) = (A . B)
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Dealing only with the relatively simple problems and programs discussed 
in this chapter, it is unlikely one would intentionally apply CONS to two atoms, 
although that is legal. The result of such an application is a dotted pair, so 
named because of the way it is displayed by Scheme. For example, consider 
the following call:

(CONS 'A 'B)

If the result of this is displayed, it would appear as

(A . B)

This dotted pair indicates that instead of an atom and a pointer or a pointer 
and a pointer, this cell has two atoms.

LIST is a function that constructs a list from a variable number of parameters. 
It is a shorthand version of nested CONS functions, as illustrated in the following:

(LIST 'apple 'orange 'grape)

returns

(apple orange grape)

Using CONS, the call to LIST above is written as follows:

(CONS 'apple (CONS 'orange (CONS 'grape '())))

15.5.9 Predicate Functions for Symbolic Atoms and Lists

Scheme has three fundamental predicate functions, EQ?, NULL?, and LIST?, for 
symbolic atoms and lists.

The EQ? function takes two expressions as parameters, although it is usu-
ally used with two symbolic atom parameters. It returns #T if both parameters 
have the same pointer  value—  that is, they point to the same atom or list; oth-
erwise, it returns #F. If the two parameters are symbolic atoms, EQ? returns 
#T if they are the same symbols (because Scheme does not make duplicates of 
symbols); otherwise #F. Consider the following examples:

(EQ? 'A 'A) returns #T
(EQ? 'A 'B) returns #F
(EQ? 'A '(A B)) returns #F
(EQ? '(A B) '(A B)) returns #F or #T
(EQ? 3.4 (+ 3 0.4)) returns #F or #T 

As the fourth example indicates, the result of comparing lists with EQ? is not 
consistent. The reason for this is that two lists that are exactly the same often 
are not duplicated in memory. At the time the Scheme system creates a list, 
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La función primitiva LIST es una versión 
abreviada de funciones CONS anidadas
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it checks to see whether there is already such a list. If there is, the new list is 
nothing more than a pointer to the existing list. In these cases, the two lists will 
be judged equal by EQ?. However, in some cases, it may be difficult to detect the 
presence of an identical list, in which case a new list is created. In this scenario, 
EQ? yields #F.

The last case shows that the addition may produce a new value, in which 
case it would not be equal (with EQ?) to 3.4, or it may recognize that it already 
has the value 3.4 and use it, in which case EQ? will use the pointer to the old 
3.4 and return #T.

As we have seen, EQ? works for symbolic atoms but does not necessarily 
work for numeric atoms. The = predicate works for numeric atoms but not 
symbolic atoms. As discussed previously, EQ? also does not work reliably for 
list parameters.

Sometimes it is convenient to be able to test two atoms for equality when it 
is not known whether they are symbolic or numeric. For this purpose, Scheme 
has a different predicate, EQV?, which works on both numeric and symbolic 
atoms. Consider the following examples:

(EQV? 'A 'A) returns #T
(EQV? 'A 'B) returns #F
(EQV? 3 3) returns #T
(EQV? 'A 3) returns #F
(EQV? 3.4 (+ 3 0.4)) returns #T
(EQV? 3.0 3) returns #F 

Notice that the last example demonstrates that  floating-  point values are dif-
ferent from integer values. EQV? is not a pointer comparison, it is a value 
comparison.

The primary reason to use EQ? or = rather than EQV? when it is possible is 
that EQ? and = are faster than EQV?.

The LIST? predicate function returns #T if its single argument is a list and 
#F otherwise, as in the following examples:

(LIST? '(X Y)) returns #T
(LIST? 'X) returns #F
(LIST? '()) returns #T 

The NULL? function tests its parameter to determine whether it is the empty 
list and returns #T if it is. Consider the following examples:

 (NULL? '(A B)) returns #F
(NULL? '()) returns #T
(NULL? 'A) returns #F
(NULL? '(())) returns #F 

The last call yields #F because the parameter is not the empty list. Rather, it is 
a list containing a single element, the empty list.
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atoms. Consider the following examples:

(EQV? 'A 'A) returns #T
(EQV? 'A 'B) returns #F
(EQV? 3 3) returns #T
(EQV? 'A 3) returns #F
(EQV? 3.4 (+ 3 0.4)) returns #T
(EQV? 3.0 3) returns #F 

Notice that the last example demonstrates that  floating-  point values are dif-
ferent from integer values. EQV? is not a pointer comparison, it is a value 
comparison.

The primary reason to use EQ? or = rather than EQV? when it is possible is 
that EQ? and = are faster than EQV?.

The LIST? predicate function returns #T if its single argument is a list and 
#F otherwise, as in the following examples:

(LIST? '(X Y)) returns #T
(LIST? 'X) returns #F
(LIST? '()) returns #T 

The NULL? function tests its parameter to determine whether it is the empty 
list and returns #T if it is. Consider the following examples:

 (NULL? '(A B)) returns #F
(NULL? '()) returns #T
(NULL? 'A) returns #F
(NULL? '(())) returns #F 

The last call yields #F because the parameter is not the empty list. Rather, it is 
a list containing a single element, the empty list.
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15.5.10 Example Scheme Functions

This section contains several examples of function definitions in Scheme. These 
programs solve simple  list-  processing problems.

Consider the problem of membership of a given atom in a given list that 
does not include sublists. Such a list is called a simple list. If the function is 
named member, it could be used as follows:

(member 'B '(A B C)) returns #T
(member 'B '(A C D E)) returns #F 

Thinking in terms of iteration, the membership problem is simply to com-
pare the given atom and the individual elements of the given list, one at a time 
in some order, until either a match is found or there are no more elements in 
the list to be compared. A similar process can be accomplished using recursion. 
The function can compare the given atom with the CAR of the list. If they 
match, the value #T is returned. If they do not match, the CAR of the list should 
be ignored and the search continued on the CDR of the list. This can be done by 
having the function call itself with the CDR of the list as the list parameter and 
return the result of this recursive call. This process will end if the given atom 
is found in the list. If the atom is not in the list, the function will eventually 
be called (by itself) with a null list as the actual parameter. That event must 
force the function to return #F. In this process, there are two ways out of the 
recursion: Either the list is empty on some call, in which case #F is returned, 
or a match is found and #T is returned.

Altogether, there are three cases that must be handled in the function: an 
empty input list, a match between the atom and the CAR of the list, or a mis-
match between the atom and the CAR of the list, which causes the recursive call. 
These three are the three parameters to COND, with the last being the default 
case that is triggered by an ELSE predicate. The complete function follows:5

(DEFINE (member atm a_list)
  (COND
    ((NULL? a_list) #F)
    ((EQ? atm (CAR a_list)) #T)
    (ELSE (member atm (CDR a_list)))
))

This form is typical of simple Scheme  list-  processing functions. In such func-
tions, the data in lists are processed one element at a time. The individual 
elements are specified with CAR, and the process is continued using recursion 
on the CDR of the list.

Note that the null test must precede the equal test, because applying CAR 
to an empty list is an error.

 5. Most Scheme systems define a function named member and do not allow a user to redefine 
it. So, if the reader wants to try this function, it must be defined with some other name.
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As another example, consider the problem of determining whether two 
given lists are equal. If the two lists are simple, the solution is relatively easy, 
although some programming techniques with which the reader may not be 
familiar are involved. A predicate function, equalsimp, for comparing simple 
lists is shown here:

(DEFINE (equalsimp list1 list2)
  (COND
    ((NULL? list1) (NULL? list2))
    ((NULL? list2) #F)
    ((EQ? (CAR list1) (CAR list2))
          (equalsimp (CDR list1) (CDR list2)))
    (ELSE #F)
))

The first case, which is handled by the first parameter to COND, is for when 
the first list parameter is the empty list. This can occur in an external call if the 
first list parameter is initially empty. Because a recursive call uses the CDRs of 
the two parameter lists as its parameters, the first list parameter can be empty 
in such a call (if the first list parameter is now empty). When the first list 
parameter is empty, the second list parameter must be checked to see whether 
it is also empty. If so, they are equal (either initially or the CARs were equal on 
all previous recursive calls), and NULL? correctly returns #T. If the second list 
parameter is not empty, it is larger than the first list parameter and #F should 
be returned, as it is by NULL?.

The next case deals with the second list being empty when the first list 
is not. This situation occurs only when the first list is longer than the second. 
Only the second list must be tested, because the first case catches all instances 
of the first list being empty.

The third case is the recursive step that tests for equality between two 
corresponding elements in the two lists. It does this by comparing the CARs 
of the two nonempty lists. If they are equal, then the two lists are equal up to 
that point, so recursion is used on the CDRs of both. This case fails when two 
unequal atoms are found. When this occurs, the process need not continue, so 
the default case ELSE is selected, which returns #F.

Note that equalsimp expects lists as parameters and does not operate 
correctly if either or both parameters are atoms.

The problem of comparing general lists is slightly more complex than this, 
because sublists must be traced completely in the comparison process. In this 
situation, the power of recursion is uniquely appropriate, because the form 
of sublists is the same as that of the given lists. Any time the corresponding 
elements of the two given lists are lists, they are separated into their two parts, 
CAR and CDR, and recursion is used on them. This is a perfect example of the 
usefulness of the  divide-  and-  conquer approach. If the corresponding elements 
of the two given lists are atoms, they can simply be compared using EQ?.
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The definition of the complete function follows:

(DEFINE (equal list1 list2)
  (COND
    ((NOT (LIST? list1)) (EQ? list1 list2))
    ((NOT (LIST? list2)) #F)
    ((NULL? list1) (NULL? list2))
    ((NULL? list2) #F)
    ((equal (CAR list1) (CAR list2))
            (equal (CDR list1) (CDR list2)))
    (ELSE #F)
))

The first two cases of the COND handle the situation where either of the 
parameters is an atom instead of a list. The third and fourth cases are for the 
situation where one or both lists are empty. These cases also prevent subse-
quent cases from attempting to apply CAR to an empty list. The fifth COND 
case is the most interesting. The predicate is a recursive call with the CARs of 
the lists as parameters. If this recursive call returns #T, then recursion is used 
again on the CDRs of the lists. This algorithm allows the two lists to include 
sublists to any depth.

This definition of equal works on any pair of expressions, not just lists. 
equal is equivalent to the system predicate function EQUAL?. Note that EQUAL? 
should be used only when necessary (the forms of the actual parameters are not 
known), because it is much slower than EQ? and EQV?.

Another commonly needed list operation is that of constructing a new list 
that contains all of the elements of two given list arguments. This is usually 
implemented as a Scheme function named append. The result list can be con-
structed by repeated use of CONS to place the elements of the first list argument 
into the second list argument, which becomes the result list. To clarify the 
action of append, consider the following examples:

(append '(A B) '(C D R)) returns (A B C D R)
(append '((A B) C) '(D (E F))) returns ((A B) C D (E F))

The definition of append is6

(DEFINE (append list1 list2)
  (COND
    ((NULL? list1) list2)
    (ELSE (CONS (CAR list1) (append (CDR list1) list2)))
))

The first COND case is used to terminate the recursive process when the first 
argument list is empty, returning the second list. In the second case (the ELSE), 

 6. As was the case with member, a user usually cannot define a function named append.
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the CAR of the first parameter list is CONSed onto the result returned by the 
recursive call, which passes the CDR of the first list as its first parameter.

Consider the following Scheme function, named guess, which uses the 
member function described in this section. Try to determine what it does before 
reading the description that follows it. Assume the parameters are simple lists.

(DEFINE (guess list1 list2)
  (COND
    ((NULL? list1) '())
    ((member (CAR list1) list2)
             (CONS (CAR list1) (guess (CDR list1) list2)))
    (ELSE (guess (CDR list1) list2))
))

guess yields a simple list that contains the common elements of its two param-
eter lists. So, if the parameter lists represent sets, guess computes a list that 
represents the intersection of those two sets.

15.5.11 LET

LET is a function (initially described in Chapter 5) that creates a local scope in 
which names are temporarily bound to the values of expressions. It is often used 
to factor out the common subexpressions from more complicated expressions. 
These names can then be used in the evaluation of another expression, but they 
cannot be rebound to new values in LET. The following example illustrates 
the use of LET. It computes the roots of a given quadratic equation, assuming 
the roots are real.7 The mathematical definitions of the real (as opposed to 
complex) roots of the quadratic equation ax2 + bx + c are as follows: root1 =  
(-b + sqrt(b2 - 4 ac))/2a and root 2 = (-b - sqrt(b2 - 4 ac))/2 a

(DEFINE (quadratic_roots a b c)
  (LET (
    (root_part_over_2a
                (/ (SQRT (− (* b b) (* 4 a c))) (* 2 a)))
    (minus_b_over_2a (/ (− 0 b) (* 2 a)))
        )
  (LIST (+ minus_b_over_2a root_part_over_2a)
             (− minus_b_over_2a root_part_over_2a))
))

This example uses LIST to create the list of the two values that make up the 
result.

Because the names bound in the first part of a LET construct cannot be 
changed in the following expression, they are not the same as local variables in 

 7. Some versions of Scheme include “complex” as a data type and will compute the roots of the 
equation, regardless of whether they are real or complex.

La función primitiva LET crea un ámbito local:

• los nombres name1, …namen son (temporalmente) asociados a 
valores de las expresiones correspondientes

• luego se evalúa la última expresión y se devuelve como valor de LET

• los nombres no pueden ser reasociados a nuevos valores en el 
mismo LET —no son variables locales

• los nombres podrían ser eliminados mediante la sustitución textual 
de las expresiones por los nombres en la última expresión del LET

Cáulculo de las raíces de una ecuación 
cuadrática, suponiendo raíces reales

LET es una expresión LAMBDA aplicada a un parámetro:

• e.g., estas dos expresiones son equivalentes
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the same name in a larger enclosing scope.7 Note that this code is legal in C and 
C++ but illegal in Java and C#. The designers of Java and C# believed that the 
reuse of names in nested blocks was too error prone to be allowed.

Although JavaScript uses static scoping for its nested functions, nonfunc-
tion blocks cannot be defined in the language.

Most functional programming languages include a construct that is related 
to the blocks of the imperative languages, usually named let. These constructs 
have two parts, the first of which is to bind names to values, usually specified as 
expressions. The second part is an expression that uses the names defined in the 
first part. Programs in functional languages are comprised of expressions, rather 
than statements. Therefore, the final part of a let construct is an expression, 
rather than a statement. In Scheme, a let construct is a call to the function 
LET with the following form:

(LET (

  (name1  expression1)

  . . .

   (namen  expressionn))

    expression
)

The semantics of the call to LET is as follows: The first n expressions are 
evaluated and the values are assigned to the associated names. Then, the final 
expression is evaluated and the return value of LET is that value. This differs 
from a block in an imperative language in that the names are of values; they 
are not variables in the imperative sense. Once set, they cannot be changed. 
However, they are like local variables in a block in an imperative language in 
that their scope is local to the call to LET. Consider the following call to LET:

(LET (
  (top (+ a b))
  (bottom (- c d)))
  (/ top bottom)
)

This call computes and returns the value of the expression (a + b) / (c – d).
In ML, the form of a let construct is as follows:

let
  val  name1 =  expression1
  . . .
  val  namen =  expressionn
in
  expression
end;

 7. As discussed in Section 5.5.4, in C++, such hidden global variables can be accessed in the 
inner scope using the scope operator (::).

15.5 An Introduction to Scheme     681

a block in an imperative language. They could all be eliminated by textual sub-
stitution of their respective expressions for their names in the LET expression.

LET is actually shorthand for a LAMBDA expression applied to a parameter. 
The following two expressions are equivalent:

(LET ((alpha 7))(* 5 alpha))
((LAMBDA (alpha) (* 5 alpha)) 7)

In the first expression, 7 is bound to alpha with LET; in the second, 7 is bound 
to alpha through the parameter of the LAMBDA expression.

15.5.12 Tail Recursion in Scheme

A function is tail recursive if its recursive call is the last operation in the func-
tion. This means that the return value of the recursive call is the return value 
of the nonrecursive call to the function. For example, the member function of 
Section 15.5.10, repeated here, is tail recursive.

(DEFINE (member atm a_list)
  (COND
    ((NULL? a_list) #F)
    ((EQ? atm (CAR a_list)) #T)
    (ELSE (member atm (CDR a_list)))
))

This function can be automatically converted by a compiler to use iteration, 
resulting in faster execution than in its recursive form.

However, many functions that use recursion for repetition are not tail 
recursive. Programmers who were concerned with efficiency have discovered 
ways to rewrite some of these functions so that they are tail recursive. One 
example of this uses an accumulating parameter and a helper function. As an 
example of this approach, consider the factorial function from Section 15.5.7, 
which is repeated here:

(DEFINE (factorial n)
  (IF (<= n 1)
    1
    (* n (factorial (− n 1)))
))

The last operation of this function is the multiplication. The function works 
by creating the list of numbers to be multiplied together and then doing the 
multiplications as the recursion unwinds to produce the result. Each of these 
numbers is created by an activation of the function and each is stored in an 
activation record instance. As the recursion unwinds the numbers are multiplied 
together. Recall that the stack is shown after several recursive calls to factorial 
in Chapter 9. This factorial function can be rewritten with an auxiliary helper 
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function, which uses a parameter to accumulate the partial factorial. The helper 
function, which is tail recursive, also takes factorial’s parameter. These func-
tions are as follows:

(DEFINE (facthelper n factpartial)
  (IF (<= n 1)
    factpartial
    (facthelper (− n 1) (* n factpartial))
))
(DEFINE (factorial n)
  (facthelper n 1)
)

With these functions, the result is computed during the recursive calls, rather 
than as the recursion unwinds. Because there is nothing useful in the activa-
tion record instances, they are not necessary. Regardless of how many recur-
sive calls are requested, only one activation record instance is necessary. This 
makes the  tail-  recursive version far more efficient than the  non-  tail-  recursive 
version.

The Scheme language definition requires that Scheme language process-
ing systems convert all  tail-  recursive functions to replace that recursion with 
iteration. Therefore, it is important, at least for efficiency’s sake, to define 
functions that use recursion to specify repetition to be tail recursive. Some 
optimizing compilers for some functional languages can even perform con-
versions of some  non-  tail-  recursive functions to equivalent  tail-  recursive func-
tions and then code these functions to use iteration instead of recursion for 
repetition.

15.5.13 Functional Forms

This section describes two common mathematical functional forms that are 
provided by Scheme: composition and  apply-  to-  all. Both are mathematically 
defined in Section 15.2.2.

15.5.13.1 Functional Composition

Functional composition is the only primitive functional form provided by the 
original Lisp. All subsequent Lisp dialects, including Scheme, also provide it. 
As stated in Section 15.2.2, function composition is a functional form that 
takes two functions as parameters and returns a function that first applies the 
second parameter function to its parameter and then applies the first parameter 
function to the return value of the second parameter function. In other words, 
the function h is the composition function of f and g if h(x) = f(g(x)). For 
example, consider the following example:

(DEFINE (g x) (* 3 x))
(DEFINE (f x) (+ 2 x))
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Now the functional composition of f and g can be written as follows:

(DEFINE (h x) (+ 2 (* 3 x)))

In Scheme, the functional composition function compose can be written 
as follows:

(DEFINE (compose f g) (LAMBDA (x)(f (g x))))

For example, we could have the following:

((compose CAR CDR) '((a b) c d))

This call would yield c. This is an alternative, though less efficient, form 
of CADR. Now consider another call to compose:

((compose CDR CAR) '((a b) c d))

This call would yield (b). This is an alternative to CDAR.
As yet another example of the use of compose, consider the following:

(DEFINE (third a_list)
  ((compose CAR (compose CDR CDR)) a_list))

This is an alternative to CADDR.

15.5.13.2 An  Apply-  to-  All Functional Form

The most common functional forms provided in functional programming 
languages are variations of mathematical  apply-  to-  all functional forms. The 
simplest of these is map, which has two parameters: a function and a list. map 
applies the given function to each element of the given list and returns a list of 
the results of these applications. A Scheme definition of map follows:8

(DEFINE (map fun a_list)
  (COND
    ((NULL? a_list) '())
    (ELSE (CONS (fun (CAR a_list)) (map fun (CDR a_list))))
))

Note the simple form of map, which expresses a complex functional form.
As an example of the use of map, suppose we want all of the elements of a 

list cubed. We can accomplish this with the following:

(map (LAMBDA (num) (* num num num)) '(3 4 2 6))

 8. As was the case with member, map is a predefined function that cannot be redefined by users.
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Composición funcional de f y g

La función de composición 
funcional compose, en Scheme:
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CDAR 

CADDR 
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E.g., fun es elevar al cubo
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